I. INTRODUCTION HE PROPAGATION of waves in periodically stratified media was discussed as early as 1887 by Lord Rayleigh [ 11, who recognized that this problem was characterized by the Hill and Mathieu differential equations. Even earlier in the 19th century a number of scientists have investigated wave propagation in lattices. Cauchy, Baden-Powell, and Kelvin [ 21 discussed lattices that consist of identical particles. Kelvin then proceeded to devise a theory of dispersion for a 2-particle lattice and a mechanical model of it was built by Vincent [ 31. At the end of the Nineteenth century and early Twentieth century a number of scientists (Vaschy, Pupin, Campbell) used periodic networks to develop electric filters.
In 1928, Strutt and Van der Pol Interest was also very strong in the field of optical multilayers [ In the 1950's the interest in periodic structures came mainly from the fields of slow wave structures and antennas. The study of slow wave structures was mainly stimulated by the development of microwave tubes where a periodic structure is used to slow the wave, which could then couple to the relatively slow electron beam [ 181 -[ 221. The structure most often used was the helix in the different forms: Sheath helix [ 221, tape helix [ 231, [ 241, and multifilar helix [ 241, [ 251. Other structures which were also studied in detail for slow wave guiding and filtering were the tape ladder line [ 241 -1261 and ridge waveguide [ 241, [ 271, [ 281. The investigations of the properties of traveling wave periodically loaded antennas was stimulated by the successful experimental design of the cigar antenna [ 291, [30] which utilizes a modulated disk on rod structures. The theory of guiding structures with periodic modulation of the surface reactance was then developed [ 3 11 -[ 331 . Periodic loading of a basically slow-wave structure produces a complex wave
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which continuously radiates power, but with the bulk of the energy being bound. This permits the realization of a large effective aperture [32] - [33] . An excellent review, with references, of the work on traveling-wave antenna is given by Hessel [ 
331.
In the 1960's, the main emphasis in the field of periodic structures was toward: 1) exact solution of the electromagnetic wave equation in sinusoidally periodic and laminar media [34] -[381 ; 2) wave propagation in time and space-time periodic media [39]- [45] ; and 3) localized source radiation (dipoles, linear sources and moving charges ) [46] -[ 521. Also of importance was the use of interdigital transducers in the field of integrated acoustics [ 531.
In the early 1970's, new technological advances in the development of passive and active thin-film optical waveguides and the fabrication of solid state, optical, and acoustical gratings had generated a new interest in, and gave a strong impetus to, the field of waves -in periodic structures. The interest was mainly stimulated by the fact that new exotic materials, with a wide range of properties (nonlinear, piezoelectric, anisotropic, pyroelectric magnetoelastic, magnetooptic, electrooptic, etc.) can now be used in different forms (bulk, thin films, fibers, etc.) and with very fine periodicities to support electro-magnetic, acoustic or electron waves. Active materials were used to develop distributed feedback lasers [ 541 -[ 981. Periodic nonlinear materials were proposed and used for parametric interaction [99] -[ 1031, and highmobility semiconductors were suggested to develop surface or bulk sources for optical, IR, magnetic, and acoustic waves [ 1041 -[ 1071. Work on the properties of periodic structures was also active in the fields of structural engineering, classical acoustic, liquid crystals, and insect vision. In Fig. 1 , we show a variety of periodic structures that have been studied by numerous authors and that will be reviewed in this paper.
Periodic structures are widely encountered in nature in the form of crystals. They can also be simply generated by a standing wave, i.e., an acoustic wave in a fluid or solid, or an electromagnetic wave in a nonlinear or active medium. Finally, large periodic structures can be developed by just simply repeating a basic unit. These were factors in generating the interest of scientists to study their characteristics. However, two special properties made these structures so unique and important: 1) their eigenmodes consist of an infinite number of space-harmonics with phase velocities varying from zero to infinity; and 2) they can support propagating waves only in well-specified propagation bands.
The uniqueness of the first property is that it allows the periodic structure to support waves that have a very low phase velocity and therefore can be efficiently coupled to relatively slowly moving charges or sources. It also allows the coupling of different types of waves, or similar waves in different modes, without requiring them to have inherently identical wave vectors (in the absence of the periodicity). In other words, the periodic structure has an inherent wave vector (K = 2n/A, where A is the period of the structure) that is adjustable by the designer and can be used to conserve the momentum (or the wave vector) in the coupling between any two waves.
The second property is commonly known as the distributed feedback (Bragg reflection), which is a result of the cumulative reflection from each unit cell in the structure.
As we shall see later, in certain frequency bands the propagation-wave vector can only be complex. This implies that a wave propagating in the structure with a frequency in the stopband will :ncounter successive reflection, i.e., "distributed feedback," and thus cannot extend far away from its source. This is the reason for the presence of forbidden bands in crystals.
All types of waves exhibit the above properties when they propagate in a periodic structure. The wave could be an acoustic, electromagnetic, magnetoelastic, plasma, electron, flexural, or water wave. The structure could have a periodic boundary, a periodic support, or a periodic bulk parameter (i.e., index of refraction, plasma density, electric potential, nonlinearity constant, gain, density, etc.) The only requirement is that the propagation properties of the wave are somehow related to the perturbed parameter.
In this review paper we will discuss analytically and physically the unique properties, review the theoretical and experimental work in the last IS years, and speculate on some future developments in the field of waves in periodic media. In Section 11, we will use, with no loss of generality, the propagation of an electromagnetic wave in an unbound periodically modulated medium as an example to derive and explain the unique properties of periodic structures.
The exact Floquet approach and also the approximate but simple coupled modes approach are analyzed. In Section 111, we include the effect of boundaries. In Section IV, we analyze the case of periodic boundaries. The cases of sources and transients are discussed in Sections V and VI.
Active periodic media and their applications in a wide range of fields are studied in detail in Section VII. Section VI11 addresses the recent applications of passive periodic structures. The wide field of electrons in crystals is briefly reviewed in Section IX. The fabrication techniques are presented in Section X and speculations for future development are in Section XI. This paper does not address the work on waves in space-time and temporal periodic structures which require in itself a special review paper.
Throughout this paper, an exp (-iwt) time dependence is assumed.
WAVES IN AN UNBOUND PERIODIC MEDIUM
The wave equation in a symmetrically periodic medium can be reduced to a differential equation of the form (Appen- 
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where a, are related to the Fourier coefficients of the periodicity function and to the wavenumber k = 2n15 X is the wavelength of the propagating wave and A = 2n/K is the period of the medium. uo is also related to the transverse wave vector whenever it exists. The solutions of (1) are the Hill functions of which Mathieu's functions are a special case (when a, = 0 for n # 0, 1). The Hill equation also applies for A z ) odd. The general solution can be written in a Floquet form
where A ( z ) is a periodic function, and K is termed the charac- 
Since the above relation must hold for any value of z, then ( 5 ) reduces to an infinite set of homogeneous equations -2(K +nK)* A n + C a r n ( A n -, + A n + , ) rn =o, n = 0 , + 1 , ...
( 6 )
which can be written in a matrix form
The solution will be nontrivial if det I (MI I = 0.
(8)
This is the dispersion relation which gives the value of K as a function of the Q~' s . The solution of (7) would then give the relative values of the space harmonics, i.e., A , / A o . The value of A0 itself is determined from the boundary or source conditions. An analytical solution for (8) was given by Hill, which relates the free space wave number k to the characteristic
In the simple case where Q, = 0 for n # 0, 1, ( 6 ) reduces to
where Applying an iterative process on (9) one obtains the continued fractions 1341
A,=-
which when combined yield
This expression is another form of the dispersion relation. The above continued fractions can be shown [ 71 to converge if ID, I 2 2 for n > N where N is a finite integer. An inspection of D , shows that this condition is usually satisfied.
The relation between K , k, and the parameters of the perturbation can be illustrated in the form of a stability diagram, which is customary in the study of Mathieu's equation. Fig.  2 shows the stability diagram for the case where Q, = 0 for n # 0, 1. The unshaded areas are the so-called "stable regions" wherein the solution for K is pure real. The term "stable" refers to the fact that the corresponding solutions are bounded for any value of z. Outside the stable regions, K is complex and its value is f K = m K / 2 + i a ,
where (mK/2) is the absolute value of K at the boundaries of the appropriate regions and (11 is strictly real. These regions are referred to as "unstable regions" because one of the values of K yields a solution which is not bounded at infinity. However, in actual physical situations, this solution is eliminated by the radiation condition. To illustrate, let us consider the case of an electromagnetic wave in an unbounded sinusoidally periodic medium where the modulation coefficient is q and the average dielectric constant is € 0~~. This specifies a line across the diagram (line 2, Fig. 2 ) which is the locus of the solution K as a function of the frequency w/2n or the unperturbed wavenumber k.
We observe that at low frequencies the solution for K is real. As k increases, a certain value is reached where K is equal to K / 2 . After that, real (K) stays constant while a increases from 0 to amox then decreases to 0. This corresponds to the first stopband region. For higher frequencies, the solution crosses the next propagating region until K = K , where 11 crosses into the second stopband, and so on. We remark that the width of the stopband and the value of a,, increase with T).
For T ) small, the stopbands are centered at k f i r = m K / 2 which correspond to the well-known Bragg condition. Fig. 3 . It is interesting to remark the crossing of region boundaries which lead to special points where the stopband vanishes for nonzero perturbation. This means that if the medium parameters and the transverse wave vectors are adequately chosen, the wave would have a real wavevector (i.e., no stopband) even if the Bragg condition is satisfied. To illustrate, for the case shown in Fig. 3 , if 7 K / 2 is equal to 0.3 where 7' = p 2 + q 2 , then the solution would cross from the first passband to the second passband with no stopband in between.
Another type of periodicity which has been studied extensively is the rectangular periodicity [ 91 considered the general case where w # A / 4 . The above work was mainly related to the study of the motion of an electron in a crystal with a periodic potential. However, the results are directly applicable to the general case of waves propagating in infinite periodic medium in the direction of the periodicity. Lewis and Hessel [36] extended the previous work to the case in which electromagnetic wave propagation also occurs in a direction transverse to the periodicity. In the case of electronic waves, the dispersion relation (8) reduces to cos ( 2 u ) cos (2u) - In Fig. 4 we show a typical stability diagram for the case of a square potential. A unique feature is the presence of crossing points similar to what happens in the case of the TM waves in a sinusoidal periodicity (crossing points do not exist in the case of Kronig-Penney delta potential model nor in the case of TE waves in a sinusoidal potential). Allen [9] did derive the location of the crossing points to be
where n and m are integers with n # 0 and B3 # 0. Aside from its general mathematical interest, the distribution of these crossing points is connected to the problem of surface states in the study of crystals, as pointed out by Shockley [ 1101.
Another area of investigation was the propagation of electromagnetic waves in a periodic plasma which was studied by
Casey et al. [ 381. In the case of a TE wave in a sinusoidally periodic plasma, the expression of D, (9) becomes where k , = wp/c is the plasma wavenumber, and 0 , is the plasma angular frequency, c is the speed of light in vacuum, and T ) is the modulation coefficient. The corresponding stability diagram which is shown in Fig. 2 is still valid except the axes now are 2 y = 2 r ) k ) x = 4(k2 -k;)/K2 so that the stopband and passband characteristics still apply. However, an interesting feature exists in the case of a periodic plasma. We remark that for a fixed value of T), kp and K we still can have a real solution for K even if x < 0 (i.e., k < kp).
This implies that propagation does occur below the plasma frequency, which is not possible in the homogeneous case.
Similar effects occur in the case of TM waves in a periodic plasma; however, Casey et al. [38] did show that the Hill's formulation breaks down at the frequency close to the plasma frequency, because the Fourier series for the function f(z) (see Appendix A) does not converge absolutely.
Another diagram which is commonly used in the study of periodic structures is the Brillouin diagram, which is a graphic representation of the dispersion relation. This diagram allows us to derive, in a relatively simple fashion, most of the properties of closed and open periodic structure. To illustrate, let us consider the case of a wave propagating in a simple homogeneous linear medium. The dispersion relation is
where a is a constant which depends on the medium. The corresponding Brillouin diagram is shown in Fig. 5(a) . If an infinitesimal periodic perturbation of the propagation medium is introduced, the space harmonics appear. Each one of them will possess a dispersion curve of its own similar to the one in Fig. 5(a) , except they will be displaced by nK from each other, as shown in Fig. 5(b) . In the infinitesimally perturbed state these space harmonics do not interact with each other.
If the perturbation is increased, strong coupling occurs at the phase-matched points, i.e., intersection points where two space harmonics have the same wave vector or phase velocity. As the two coupled harmonics are contradirectional (group velocities have opposite signs) then a stopband appears. In the passbands, the longitudinal propagation constant K is real when the medium is passive. In the stopbands it is complex as shown in Fig. 5(b) . The Brillouin diagram is directly connected to the stability diagram. As a matter of fact, it basically represents the values of K as the solution point moves along the line traced on Fig. 
2.
In the above simple example, the Brillouin diagram was used only to derive the nature and location of the coupling. In more complicated cases, such as open radiating structure, the use of the Brillouin diagram is f a r more rewarding. It allows us to derive the condition for radiation, and the number and direction of radiating beams. This will be discussed in more detail in Section 111.
A third diagram which is commonly used, especially in studying source radiation in periodic media is the wave vector diagram. In this case we fix the parameters of the medium and the wave frequency, and plot the transverse wave vector as a function of the longitudinal wave vector (Fig. 6) .
The Floquet formulation may be represented by an equivalent electric network. This approach has been used by many authors and is very useful for people who are familiar with the study of electric networks. The coupling between two space harmonics or between a space harmonic and an exciting wave is represented by an ideal transformer with turn ratios equal to the Floquet coefficients. These transformers are connected to transmission lines that are described by the propagation factors K, and characteristic impedances 2, [ 
1281.
The space harmonics play a central role in the study of periodic structures and a brief discussion of their properties is in order. As we mentioned previously, the space harmonics do not exist independently. They are portions of a total solution. Each space harmonic has a different wave vector K, = K + nK and a different phase velocity u, = O / K , . However, all of them have the same group velocity ug = a w / a~, = aw/aK. We also remark that the space harmonics that have a large wave vector (i.e., small wavelength) will have proportionally small phase velocity and vice versa such that an observer looking at a specific point in space cannot tell the long fast harmonics from the short slow ones.
The Floquet formulation is relatively simple; however, the numerical calculations are involved. In a large number of cases, the periodic perturbation is relatively small and only few space harmonics have to be taken into account in the neighborhood of a stopband [34] . This approach, called the coupled mode approach, is simple and widely uses [ 561, [ 981,
Let us study the case where the wave frequency is very close to the first Bragg frequency; then the propagation wave vector K can be written as ( 19') and only the fmt-order harmonics are nonneglible. Then 
which can be rewritten as
This is the form used in the coupled modes approach, i.e., the waves of identical phase velocity are grouped together. Putting the above expression of $(z) into the wave equation (11, neglecting the a2F/az2 and a2B/az2 terms, and considering the case of sinusoidal periodicity, it is straightforward to find that
The last term corresponds to the coupling to second-order harmonics (n = f 2 ) and, therefore, is usually neglected. The above relation has to be satisfied for all values of z , thus each term must be equal to zero These are the well-known coupled waves equations, which are usually written in the form where x = a1 / K is called the coupling coefficient, and As mentioned above, the coupled wave approach is valid for small I). However, numerical calculations do show that this approach gives surprisingly good results even for I) up to 1, which is its maximum value. To illustrate, in Fig. 7 we show the exact dispersion relation using a 19 X 19 Floquet matrix for the first, second, and third Bragg regions in the extreme case of I) = 1. The stopband region is very similar for all three of them except for the shift above the dispersion line of the unperturbed case. This phase speeding effect can be simply interpreted by computing the average phase velocity across a unit of periodicity. In Fig. 8(a) is presented both the Floquet solution and coupled waves solution. Even for q = 1, the coupled waves theory closely predicts the correct value for the imaginary part of the wave vector; however, it does not predict well the position of the stopband. The coupled wave curve can be used for I) smaller than 1 by multiplying each scale by I).
In Fig. 8(b) we show the Floquet solution for I) = 1 , 0.1, and 0.01. We observe that as I) decreases, the coupled wave solution becomes a better approximation.
Another point of interest is the number of harmonics needed in the Floquet calculation, i.e., size of the matrix. Fig. 9 does show the results for 3 X 3, 5 X 5 and 19 X 19 matrices. It is clear that a 5 X 5 matrix (up to the third harmonic) is satisfactory with an accuracy better than 1 percent.
The above discussion was mainly concerned with the first- (bottom curve). Note diffexence in scales for each case. Imaginary order interaction. They specifically studied the case of the second-order and third-order Bragg, and computed the dispersion curves using both the exact Floquet formulation and the coupled modes formulation. They showed that the coupled waves equations for the Nth order Bragg are where the A& and X N are. functions which depend on N. A different type of higher order interaction occurs in generally periodic structures. A periodic small perturbation Adz) can be written in a Fourier series A+) = q, cos (nKz). In the case of small perturbations, the results for first-order Bragg coupling are still valid, except that q should be replaced
In the case of general periodicity, different order Bragg interactions from different Fourier components can add destructively, leading to disappearance of the stopband even if the Bragg condition is satisfied. This effect was analyzed using the Floquet and coupled waves approach [ 1 15 I .
An important aspect of the above formulations (Floquet and coupled wave) is that there was no requirement on the nature of E or q . Thus they are valid for active and passive media, and for perturbation of the real or imaginary part of the dielectric constant. In the case of an active medium of gain c e efficient g, the coupled waves equations become
In the case of gain coupling (i.e., gain periodicity) x = ix and f k = d m . Thus there is no stopband. However, distributed feedback still occurs because of the change in the propagation wave vector. The behavior of the effective gain or loss near the Bragg region is shown in Fig. 10 for the case of an active, passive or lossy periodic medium. In the case of a passive medium, a stopband exists. If the medium is lossy, the loss coefficient increases in the Bragg region. A detailed numerical calculation of this effect was conducted by Minakovic and Gokgor [ 1 161 who showed that the attenuation in a periodically loaded circular waveguide can be considerably higher than when the guide is completely Wled. If the medium is slightly active then the gain is drastic@ increased in the Bmzg r e s n as a result of a periodic change in the real index of refraction. The increase in the effective gain or loss can somehow be explained by the fact that the periodicity bounces the wave back and forth, and therefore increases its effective line path per unit length of the medium. If the periodicity is in the gain coefficient, the effective gain is smaller than the average gain (771.
A somewhat different approach is commonly used to study ; : : I .
Such an approach has the nice advantage that it can be simply applied to any value of N. However, it requires that the matrix M is known or can be simply derived. This is the case in the study of optical multilayers which consist of successions of homogeneous layers or in the study of periodic electric fiters.
A somewhat similar but more complicated and general approach was given by Mead [ 1171 who studied wave propagation in linear periodic systems with multiple coupling. Mead's paper was a generalization of the previous work conducted in the field of structural engineering as related to the propagation of vibrational and flexural waves on periodic systems of beams and plates. Examples of such systems are: tall apartment blocks having a uniform structure and identical stories; aeroplane fuselage structure consisting of a uniform shell reinforced at regular intervals by an orthogonal set of identical stiffeners. The approach basically consists in deriving the characteristic matrix which relates the output parameters to the input parameters of a unit element of the structure. It also adopts itself nicely to the study of two-dimensional lumped periodic structures. To illustrate, let us consider the simple case of natural flexural waves propagating on an infinite periodically supported beams and plates which was studied by Sen Gupta 
III. WAVES IN A BOUNDED PERIODIC STRUCTURE
The presence of boundaries adds a new dimension to the analysis of periodic structures. In this section we will first consider the case of closed structures where the transverse boundaries are completely reflecting. Then we will briefly review the extensive work in the field of periodic open structures where bounded and radiating modes can be present. Finally, we will discuss the case of waves incident on a periodic half-space, or slab, where the periodicity is parallel or perpendicular to the boundaries.
When the longitudinally periodic medium has complete reflecting transverse boundaries, the transverse wave numbers are f i e d exclusively by the geometry. In the case of a rectangular waveguide of dimensions h 1 and its origin, which corresponds to a1 = 0 and a0 = -(sz + p 2 ) .
We observe that as k increases, the solution for K passes through bands of real solutions and complex solutions as in the case of unbounded media. One unique feature is that propagation occurs at some frequencies below the cutoff frequency of the homogeneous guide. This effect occurs for all the waveguide modes and is similar to what occurs in the case of a periodic plasma. If the transverse boundaries are not completely reflecting, things get far more complicated and more interesting. That results mainly from the possibility of energy leakage. Open periodic structures support surface waves which travel parallel to the structure, and leaky waves which are guided by the structure but radiate or leak energy continuously into the exterior regions. Both types of waves appear as characteristic solutions of the boundary-value problem prescribed by the waveguide confwration.
Open periodic structures are encountered in current engineering practice in a variety of applications, such as travelingwave slot or dipole arrays, log periodic antennas, and periodically modulated slow wave antennas. The theoretical analysis of these radiating structures was mainly based on the simple model of periodically modulated reactance surface. To simplify matters, planar geometry will be assumed, with the x = 0 plane as the interface between the guiding region and exterior region (x > 0). The longitudinal wave number of the nth space harmonic in both regions is equal to K + nK and the transverse wave number 6, in the exterior region is 6; = k 2 -( K + n K ) 2 .
(38)
If n is such that ( K + n K ) 2 > k 2 , as will be the case for most of the space harmonics at any given frequency, then 6, is imaginary and the space harmonic is a slow wave. If some space harmonics are present for which ( K + nK)' < k ' , then 6, values are real and these space harmonics are fast waves. If we consider the Brillouin diagram (Fig. 111 , then we can divide it in slow wave or bound region and fast wave or unbound region. If the operating point of one harmonic is inside a triangle, then all other space harmonic solutions also lie within the sequence of triangles. Thus, all the space harmonics, and the total solution, are bound to the interface. However, if the solution is outside the triangles, then at least one of the space harmonics is in the radiation region of the homogeneous struc- ture, and the total wave is no longer completely bound. The radiating harmonics are leaky waves which extract energy from the total wave along the structure.
Another property of open periodic structures, which can be easily determined from the Brillouin diagram is the number of radiating beams and their angle of radiation. The beam angle 0, from broadside is equal to sin 0, = ( K + n K ) / k .
(39)
Thus, the number of radiating beams at any frequency is equal to the number of space harmonic solutions lying in the radiation region at that value of kd (i.e., points such that IK + nK I < k). Basically each angle corresponds to one of the radiating space harmonics.
To illustrate, let us consider the simple case of a dielectric slab of relative dielectric constant el + ~€ 1 cos K z imbedded in vacuum (i.e., dielectric constant = 1). The corresponding Brillouin diagram is shown in Fig. 12 . Only the first two waveguide modes are sketched. We observed that as the frequency w is increased from zero, no radiation beams are present. For w = w1 a backfire beam appears which corresponds to the first harmonic of the basic mode. As the frequency increases, the beam angle changes gradually from backfm to end fire at w = w3, then diappears. In the interim, at w = 02 the beam from the first harmonic of the first mode appears. Depending on the values of el and K , it is possible that the beam from the second or higher harmonic of the second mode appears before the one corresponding to the first harmonic disappears. Thus depending on the choice of e l , K , and the excited modes, a large number of beams can be present, at different angles, for any operating frequency above w1. An effect which cannot be predicted from the Brillouin diagram is the coupling which occurs at the crossing of the dispersion curve with one of the sides of a triangle. This corresponds to the interaction between a particular space harmonic and a plane wave skimming along the surface. In antenna theory, if the dispersion curve and the triangle boundary line are codirectional, the intersection region is called end-fie region. If they are contradirectional, it is called back-fiie region. Hessel and Oliner [120], Wang [121] , Oliner [122] , and H e a l [33] analyzed these regions in detail. They showed that the complex solution outside the triangles do extend slightly inside the triangle region where, close to the boundary, the real solution is double valued (Fig. 13) . These regions correspond to the Wood anomalies regions which will be discussed later in this section.
The Brillouin diagram gives insight in many properties of periodic structures in a very simple and elegant way. However, a complete quantitative evaluation of the field in these structures requires the solution of the wave equation. In the case of periodic antennas, a simple model of a periodic surface reactance have been extensively and rigorously analyzed [33] . In the case of thin films with periodic modulation of the dielectric constant, most of the work used perturbation techniques which are valid for small modulations [ 701, [go] , [ 11 11, [1231-[1271. Let us assume a pth mode wave up(x)e'KP' propagating in a homogeneous thin-film waveguide of thickness 2W and dielectric constant e.
If a small perturbation qe cos ( K z ) is added, then a convection current'J, is generated inside the guide
This current has two components with different longitudinal wave vectors. If any one of the wave vectors is equal to the wave vector * K~ of the qth mode, then phase-matched coupling and energy transfer occurs between these modes.
The coupling could be of the codir ctional or contradirectional type. The first element e can ac eve only codirectional coupling. The second element e achieve both couplings dependmg on the relative values of K~ and K . Once the longitudinal phase matching is satisfied, only Thus if the pth mode is longitudinally phase matched to the qth mode, the part of the convection current which achieves the energy coupling is equal to
The term cpq is what is known as the overlap integral. Once the qth mode is excited it also couples to the pth mode and A similar approach can be used to correlate the coupling between a guided mode and a radiation mode.
This work was conducted in detail by Marcuse [ 1 1 11, [ 1251 for the case of a surface corrugation or a thin layer of an inhomogeneous medium around the boundary of the guide. He derived the power loss per unit length and the pattern of the radiation beam. An interesting result is that the energy loss to one guided mode is proportional to L2, while the loss to the radiation modes is proportional to L, where L is the interaction length.
The rigorous solution for a periodically modulated slab is more involved. Recently, Peng et aZ. [ 1191 formulated the exact solution which is valid for any volume or surface periodicity, and resolved it numerically for the cases of holographic layers and for rectangularly cormgated gratings. A brief review of their formulation follows.
The wave equation for the field vectors of TE and TM waves can be reduced to the scalar equation (see Appendix A) v2J/ +f(z)IL = 0 (44) where f(z) can be written as and the coefficient a, are known for a given grating and frequency. The solution for rL may be written as rC, = R n ( x ) exp i (~ + n K ) z .
n Inserting this representation in (44), we obtain dx'
where is a column vector with elements A n ( x ) and P is a constant matrix (independent of x ) whose elements are defined by
where Am is Kronecker's delta function. The solution of the above system of equations is of the form
where 6 is the transverse propagation constant and is a constant vector. Substituting into (47), we obtain the system of linear equations:
[P -6211 e = 0.
(50)
Where I is a unit matrix of infinite order. The characteristic equation of the above system, i.e.:
gives the eigenvalues a&, and the corresponding eigenvectors Cm (with elements Cmn) can then be obtained by solving (50).
Thus the solution for the field can be written in the form They showed that a varies slowly with frequency in the leaky wave region (radiation region) except in the vicinity of Wood's anomalies, which correspond to the onset of additional leaky wave beams in the air or substrate regions. For the TM waves, additional nulls for a appear which are due to a Brewster angle phenomenon for higher harmonics inside the grating layer. It is interesting to point out that many harmonics are such that mc ( K + nKI2 > e l k 2 . (53) This implies that most of the space harmonics are evanescent both inside and outside the guide, i.e., they exist mainly in the neighborhood of the boundary. However, it should be emphasized again that individual space harmonics cannot exist on their own, and if only a few harmonics are leaky, then the whole wave loses energy because of the crosscoupling.
Even though most of the work was directed toward the case of thin films, the techniques can be used to study more complicated structures. Marcuse considered the case of hollow slabs (621. Elachi et al. (901, [ 1241 analyzed the case of periodic fiber guides and diffuse guides as associated with their application to DFB laser using the perturbation technique. In Peng et al. [ 1 191 , their exact solution could be generalized to cover these and other geometries.
Up to now we considered the use of open and closed guiding structures, where the wave in the periodic medium propagates along the periodicity axis. Another type of bounded structure that has been studied corresponds to the case of waves incident, from the outside, on a slab or half-space which is periodically modulated parallel or perpendicular to the boundary. Tamir and Wang [ aB=-sine where m is a positive integer. In the air region, the rapid fluctuations appear only at the Rayleigh wavelengths and they correspond to Wood anomalies [ 1291 which are characteristic of reflection gratings. These anomalies occur whenever a reflected mode reaches grazing incidence (cutoff) or a mode in the modulated dielectric region reaches grazing incidence. The wavelength which corresponds to the last case cannot be expressed in simple terms except when the periodic modulation is small, in that case where E, is the relative average permittivity of the dielectric. These Wood anomalies basically correspond to the coupling between an oblique wave and a wave propagating along the surface. An intensive analysis and review of the work on Wood's anomalies is given by Hessel and Oliner [ 1291 .
In the modulated medium itself, the fluctuations due to the Wood anomalies are usually obscured by the strong interference effect which peaks at the Bragg wavelengths, and is due to the periodicity of the medium. This resonance behavior results in a standing wave pattern produced by two modes possessing nearly equal amplitudes but different wave numbers. In that respect, the resonance process is closely analogous to the Borrman effect [ 1301, [ 1311 which occurs as an anomalous transmission of X-rays through thick perfect crystals, when the incidence is at the Bragg angles. However, even though the periodicity is in one dimension only, the resonant effect in the modulated half-space results in a standing-wave pattern with respect to both the z and x directions with wavelengths of 2A and 2A&, respectively, where & is strongly dependent on the modulation of the medium such that A& >> A if the modulation is small. Thus, this resonant behavior produces a repetitive pattern of oblong rectangular cells and is denoted by the term "cell resonance." The periodicity in the field along the x direction can be explained by simple physical reasoning. When the incident plane wave crosses the interface of the modulated dielectric, it starts traveling initially as if no periodicity were present. However, as the Bragg condition is satisfied, the successive reflections from the periodic perturbations add constructively, and more and more power propagates in the negative z direction. After a certain time, most of the energy is propagating toward negative z . However, as the periodic perturbation reflects irrespective of the wave direction, more and more energy is reflected back in the positive direction, and so on. This results in an oscillatory power flow line as shown in Fig. 14 . Evidently, the larger the modulation, the stronger are the reflections at each perturbation, the faster the energy flow is reversed, which implies a smaller value of AL. Inversely, if the modulation vanishes, the length Ah -P 00.
This effect is analyzed in detail by Tamir [ 1281 .
In the case where the periodicity direction is perpendicular to the boundary, the analysis is far more simple. The transverse wave number is fixed by the incident or source wave, and the problem becomes somewhat similar to the closed bounded structures. This problem was specifically studied by Tamir et al. [ 
Finally, we briefly review the case of a slab of thickness 21 with small perturbation in the direction perpendicular to the boundaries. The importance of this problem is mainly in its application to the study of DFB laser structures that we will review later. Starting from the coupled modes equations (Section 11) and taking the adequate boundary conditions [ 1321, the reflection coefficient R and transmission coefficient T can be derived in a straightforward way as (54)
Where we have assumed that there is no Fresnel-type reflections at the end of the structure, the thickness of the periodic slab is 1. In Fig. 15 are shown the magnitudes of the reflection and transmission coefficients as a function of the mismatch A01 for a fixed value of the coupling coefficient XI. The properties of this structure are identical to an electric circuit fiiter.
IV. BOUNDARY PERIODICITY
Bragg scattering and/or distributed feedback also results from boundary periodicity. The presence of space harmonics is required to satisfy the boundary conditions. The scattering of a scalar wave incident on an infinite corrugated interface separating two different homogeneous media were studied about seventy years ago by Lord Rayleigh [ 1331. However, the Rayleigh method of solution has aroused some controversy. If the plane wave is assumed to fall on the interface from above, then, in the region above the highest points on the surface, it is generally accepted that the scattered field may be represented by a linear combination of space harmonics, each of which propagates, or is attenuated, away from the surface. The controversy has its origin in the further assumption (admittedly unjustified by Rayleigh) that this representation is also valid within the corrugation and on the surface itself; henceforth, this will be termed the Rayleigh In the case where the grating profiie is a rectangular profile (Fig. 16) , the grating could be replaced by a layer of constant thickness but modulated dielectric constant. Then the problem reduces to the cases discussed in Section 111. If the periodic profile is of a more general form, then three methods can be used: 1) By partitioning the grating into fine layers and approximating each one of these profiles by a rectangular profile. Now we have a multiple layered grating with the same periodicity, and the problem can be resolved as Section 111. Although this extension is only an approximation for the original grating, it can be made as accurate as desired by subdividing the grating into sufficiently many fine layers. 2) By employing an exact numerical integration. 3) By averaging, for every value of z , the permittivity over x inside the grating layer. Thus for a profile of the form x = h ( z ) = h ( z + A ) , f o r O < x < T ( 5 5 ) the averaged permittivity becomes
(56) The problem is then reduced to that of a layer with uniform thickness, but with varying E ( z ) . This much simpler method is probably less accurate than the previous two.
In the case where the surface perturbation is small, simple approximation techniques and the coupled modes approach can be used. Marcuse [ 111, [ 1251, determined the energy losses and the coupling in a dielectric guide with a slightly perturbed boundary by considering the boundary region as a thin inhomogeneous layer as we discussed above. A somewhat similar approach is to replace the boundary perturbation by an equivalent surface current [ 1231. If the field at the interface The difference between the rigorous approach and perturbation approach discussed above can be minimized if the perturbation is adequately weighted with the decaying exponential field away from the boundary.
The work on the effects of boundary perturbation was not limited to planar structures. Field sidered the case of periodically spaced thin parallel plates, where each period is divided by a further parallel plate into two regions which are, respectively, "free" and "filled." The filled regions have a wavenumber and density different from those of the surrounding media and the free regions. Both soft and hard boundary conditions were considered on the plates.
Another type of problem that has been considered is the propagation of acoustic waves in plane ducts with sinusoidally perturbed walls. Isakovitch
[ 1541 considered the case of a waveguide with one sinusoidal wall. Samuels
[ 1551 studied the case where both walls are sinusoidally perturbed in phase. Salant [ 1561 generalized the previous work to the case where the phase difference between the perturbations on the two walls is arbitrary. They used a first-order expansion approach and found properties similar to the case of electromagnetic waves in perturbed waveguides. Nayfeh made a more detailed analysis of the resonance region [ 1571 and added the effect of a mean flow in the dttct [ 1581.
An extension of the study of wave scattering from a periodically perturbed surface is the study of wave scattering from rough surfaces. A rough surface can be described by the spectrum of the roughness; thus it can be analyzed as a summation of a large number of periodic perturbations with specific weighting functions. The field of scattering from rough surfaces is out of the scope of this review. The reader is referred to a selected number of papers which cover the work in that area: Marcuse [ 
V. SOURCE RADIATION IN PERIODIC MEDIA
Wave radiation from discrete electromagnetic sources in a periodic medium was considered by numerous authors. Casey [49] analyzed the radiation of electric and magnetic dipoles in a dielectric, and Elachi between two media of dielectric constant el and e2 is equal to 
(58)
If T ( z ) = T cos ( K z ) , then
Consequently a reasoning similar t o the one in the case of volume periodicity (Section 111) would follow.
To check the accuracy of the approximate techniques discussed above, Peng et al.
[ 1191 computed rigorously the variation of the normalized attenuation parameter a, which is due either to a stopband or to power leakage, for a square grating as a function of the grating thickness T and compared it to a perturbation analysis by Ogawa et al. [ . 17 ). The behavior of the solid curve in Fig. 17 was explained by noting that the basic surface wave along a uniform layer ( T = 0) has an evanescent field in the air region. When increasing T from zero, the surface wave is perturbed by adding material on top of the thin-film waveguide. At first, this material appears in a region with strong fields, and therefore the effect on a is appreciable. However, as T increases further, the additional material appears in regions where the field is gradually decaying, until at about T/h = 0.2 any further addition of material occurs in regions where the field is exponentially small. Consequently, the effect of increasing T beyond 0.2X is negligible and a approaches a constant. and uniaxial plasma [52] . The presence of the periodic perturbation leads to some special effects related to caustic surfaces and radiation cones. In this section, we review in some detail the formulation for the radiation of a magnetic dipole in sinusoidally periodic medium to illustrate the approach for resolving this type of problem. Then we briefly review other works in this field.
The solution for the radiation from a point or line source proceeds in a way similar to the cases of plane waves considered in Section 11. The geometry studied by Casey [49] and Elachi [ 5 11 consists of an electric or magnetic dipole antenna located at p = 0 and z = zo with the moment vector of the dipole directed along the z axis. The entire space around it is filled with a lossless dielectric, where the permittivity E is a periodic function of z . As a consequence of the symmetric geometry chosen, the electromagnetic field is independent of the azimuthal coordinate 9.
In the case of a magnetic dipole, the radiated electric field satisfies the following wave equation outside the source (60) where E' = EZe. Using the separation of variables method and the Floquet theorem, the solution can be written as
where the En's are given by the same recurrence relation as in (7) and (9), B1 is
B1= { J 1 '
Bessel function for p < a H 1 , Hankel function for p > u and a is the radius of the magnetic dipole loop. It is straightforward to see that the expression of E is an integration over an infinite number of plane waves radiated in different direction with a weighting function W ( K ) . The dispersion relation:
A(6, K , w ) = det llMll= 0 (62) gives the value of 6 as a function of K for a fixed w . An example of the wave vector diagram (Le., 6 (~) ) is given in Fig. 6 which shows that the solution is multivalued and, using the superposition principle, the field has to be written exp i ( K + n K ) z dK (63) where 6, are the different values of 6, and Ew corresponds to the amplitude of the nth space harmonic of the q t h mode.
The relative values Cnq = Ew/E% may be determined by solving (62) . Taking c,(K) = W,(K) E O q (~) / S q (~) the field expression becomes
The values of c, can then be derived from the source conditions [49] , [51] whichinthiscaseis
[ H , ( P > U ) -H , ( P <~) I~-~, = I O A (~) (65)
where Io is the current in the loop, and A(z) is the delta function. Using the steepest descent method when r + 00, we find Where the index s means value at the saddle point, the summation over j means summation over all the saddle points (it is possible to have more than one), and the prime corresponds to derivation relative to K . The saddle points are determined by Thus, for a given radiation direction 8 , the field is mainly generated by the saddle points which are given by (68). This can be illustrated using the wave vector diagram shown in Fig.  18 . For each value 6, the saddle points can be graphically determined as the points where the normal to the wave vector diagram is in the direction 0 relative to the horizontal axis.
Of special interest is the presence of inflection points near the interaction regions between two modes (i.e., stopband). At these points, 6" = 0 and the field given by (67) is very large. This is a focalization and radiation enhancement effect due to the inhomogeneity of the medium. The corresponding conical surface of radiation is called "caustic." The caustic cone angle ec is given by 6, = arccot (-g I ).
(69) at inflection point In Fig. 19 we present an example of radiation pattern in a sinusoidally periodic medium where h/X = 1.25 and 7) = 0.25.
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There are four caustics at 8, = 43', 137', 82', and 98'. For larger values of A/?, more caustics appear. The case of radiation in plasma and uniaxial plasma was also resolved. Of special interest is the result that in 'the case of a uniaxial plasma, radiation does occur outside the radiation cone (Fig. 20) under the same conditions where this is not possible in the case of a homogeneous uniaxial plasma [ 
1631.
A similar approach was used to study Cerenkov and transition radiation in a stratified dielectric, plasma or uniaxial plasma [46] , [47] , [49] , [52] . In the case of the dielectric, owing to the inhomogeneity, the radiation given off by a charged particle moving uniformly through the medium contains not only Cerenkov-type radiation but also transitiontype radiation. The radiation is emitted at an infinite number of angles because of the presence of the space harmonics. Radiation is also present at all velocities of the particles because of transition-type radiation. Casey et d . [46] discussed also some interesting effects resulting from the Brag reflections, such as Cerenkov radiation emission in the backward direction.
In the case of a periodically stratified plasma, only transition radiation is emitted. This case was analyzed in detail by Casey and Yeh [491. They found that the emission is most pronounced in a band of frequencies beginning slightly above the average plasma frequency.
Another type of radiation from a moving particle in the presence of a perioctic structure is the Smith-Purcell radiation. Smith and Purcell [ 1641 demonstrated the generation of visible light by means of high-velocity electron beam grazing an optical grating. They ascribed the radiation mechanism to the formation of a vibrating dipole which consists of the moving charge and its accompanying oscillating image produced by the corrugated grating surface. Toraldo di Francia [ 1651 offered an alternative explanation of this mechanism. He demonstrated that the radiation takes place via the various spectral orders of a grating, excited by the slow evanescent waves associated with a charge in its uniform rectilinear motion. Later, Hessel [ 1661 used a formulation similar t o the ones reviewed in this paper to derive a rigorous solution for the Smith-Purcell radiation from a reflection grating (represented by a plane with sinusoidally varying surface reactance) excited by a bunched, traveling current sheath. He specifically analyzed the presence of resonances which are similar to the Wood's resonances that we discussed previously.
He also presented a graphical method for determining the location of the resonance using the Brillouin diagram.
VI. TRANSIENTS IN PERIODIC STRUCTURES
Very little work has been done in the analysis of transients in periodic structures. HiU and Wait [ 1671 studied analytically and numerically the scattering of an impulse and step excitation function by a grating of thin conducting cylinders. Elachi et al. [ 1321 used the simple coupled modes approach to study the reflected and transmitted pulse when a rectangular or Gaussian pulse impinge on a periodic slab. The approach basically consists in getting the spectrum of the reflected and transmitted pulses using the expressions of the reflection R (a) and the transmission T ( o ) coefficients of the slab which were derived in (54). Thus the reflected pulse is 
G ( w ) T ( o ) exp (+ut) dw
where and g ( t ) is the incident pulse. The slab, which basically acts like a passband filter, may distort the pulse appreciably if the coupling coefficient is not excessively s m a l l (Fig. 21) .
VII. ACTIVE PERIODIC STRUCTURES
Probably, the major impetus in the renewed interest in periodic structures is the development of distributed feedback (DFB) lasers. In 1971, Kogelnik and Shank [ 541 reported the operation of a dye laser using a distributed feedback resonator which consists of a grating throughout the active medium. The periodicity was generated by exposing a thin film of dichromated gelatin to the interference pattern produced by two coherent ultraviolet beams from a helium-cadmium laser. The gelatin was then developed that resulted in a spatial modulation of the refractive index. The developed gelatin was then soaked in a solution of rhodamine 6G to make the dye penetrate into the porous gelatin layer. The resulting DFB structure was transversely pumped with the ultraviolet radiation from a nitrogen laser, and laser oscillation at 0.63 p was observed.
This led to a large number of experiments and papers on different types and varieties of DFB lasers (Fig. 22) . Shank et ai. 1551 developed a tunable DFB laser. The feedback was obtained from a spatial modulation of both gain and index of refraction, induced by pumping a liquid organic dye solution (rhodamine 6G in ethanol) with fringes formed by the interference of two coherent beams from a ruby laser. The tunability was achieved either by varying the angle between interfering pump beams or the refractive index of the dye solvent. Hill and Watanabe [ 571 built a DFB laser where the active medium is an optically pumped organic dye solution f i i adjacent to a thin dielectric f i i with a periodically modulated index of refraction. This sidecoupled DFB laser was operated in different modes: normal wave gain and feedback; normal wave gain and evanescent wave feedback; and evanescent wave gain and normal wave feedback. Fork et a2. [58] used a nondestructively read-reversible optical memory material (photodimers of acridizinium ethylhexanesulfonate) to provide feedback in the form of an adjustable period phase grating which can be optically written (at h = 0.364 p m ) or erased (at x = 0.31 3 p ) . The lasing dye, the photodimers, and the supporting matrix are made into a single material by doping methylmethacrylate and acrylic acid with rhodamine 6G tosylate and photodimers of acridizinium ethylhexanesulfonate, and polymerizing the resulting solution to form' a hard transparent plastic. The writing and erasing times were equal to 1 s and 4 s, respectively. However, faster switching is physically achievable. Higher order Bragg gratings were also used as DFB resonator by Bjorkholm and Shank [ 5 9 ] . They showed that the resulting large decrease in the corresponding coupling coefficient (28) would require only a relatively small increase in the gain needed for oscillation. Higher order DFB cavities have a periodicity equal to a multiple of one-half the oscillation wavelength, and therefore are easier to construct.
The above types of DFB lasers used volume modulation of the complex index of refraction to achieve the distributed feedback. Another approach, which was proposed by a number of scientists [ 6 0 ] and first developed by Schinke et al. [ 61 ] consists in periodically varying the thickness of the waveguiding regions.
The change in the guide thickness leads to a modulation of the longitudinal effective wave vector, thus it produces effects similar to refractive index changes in the guide medium. The surface grating was milled, with an argonion beam, into an Si02 substrate through a Shipley AZ1350 photoresist mask which had been first exposed with an interference pattern produced by a single-frequency krypton laser controlled optical confinement. They also reported an optically pumped GaAs DFB laser with a corrugation of 0.1 1-pn period [80] . Shank et al. [82] also developed a double heterostructure GaAs-GaAlAs DFB laser with 0.1 15-pm periodic grating.
The logical second step was the development of electrically pumped DFB semiconductor lasers. The threshold analysis of a double heterojunction GaAs-GaAlAs DFB laser with an internal corrugation was conducted by Nakamura and Yariv [72] . Their results indicated the possibility of significant threshold reductions as well as of new possibilities of transverse mode control. A number of experimental developments of different configurations of electrically pumped semiconductors or DFB lasers were then reported. Stoll and Seib [85] demonstrated a distributed feedback GaAs hemojunction injection laser. The p-n junction was formed by diffusing zinc into heavily n-type GaAs, and the grating was ion machined into the surface of the p-type layer. The grating had a 0.35-pm periodicity for third-order Bragg feedback and 0.05-pn groove depth. Nakamura et al. [ 841 developed a GaAs-GaAlAs double heterostructure diode DFB laser. They also used thirdorder coupling for laser oscillation. Anderson et al. [86] reported a double heterostructure GaAs injection DFB laser with a firstader coupling. Scifres et al. [93] used fourthader coupling in a GaAs-GaAlAs single heterojunction diode.
The above lasers were operated at 77 K. Reinhart The theoretical analysis of the DFB concept was first given by Kogelink and Shank [56] using the coupled mode theory for the case of transversely unbounded, mirrorless structure. Their analysis was then extended by a number of authors. Chinn [ 711 and Streifer et al. [91] studied the effects of endmirror reflectivity. Elachi et al. [90] considered the case of transversely bounded DFB lasers. Wang [77] analyzed the distributed Brag reflection (DBR) configuration where the corrugated structure and active medium are longitudinally separated. Wang et al. [73] , [ 741, [77] used truncated Floquet harmonics and the method of multiple reflection to derive the threshold condition of DFB and DBR lasers. They discussed the relation between the truncated space harmonics and the forward backward waves used in the coupled modes theory. They pointed out that the labels "forward" and "backward" waves used in the coupled modes theory correspond to phase velocity and not direction of energy flow. Based on this, they claimed that the boundary conditions applied by other authors using the coupled modes approach are not correct.
However, Yariv and Cover [92] did show that the two approaches are identical. In this section, we review the theoretical analysis of DFB lasers following the work of Kogelnik and Shank [ 561 and Elachi et al. [90] which used the coupled modes approach.
The coupled waves equations for a forward pth mode wave Fp(z)eiBPz coupled to a backward qth mode wave Bq(z) * e iBqz in an active medium are similar to the ones for a passive medium. These equations are 
The solution for the above equation is given by (26) . The boundary conditions which reflects the fact that the system must self-oscillate are 
where
which is the equation originally derived by Kogelnik and Shank, and is valid for both index and gain coupling. This equation could have also been derived from the expression of the reflection coefficient R [see Section 111, (54)] of a periodic slab by taking R --+ * and replacing i @ by Cfl t iJI, A u .
In the above derivation, we assumed that there is no Fresnel reflection at the two ends of the DFB structures. Chinn [ 7 11, Wang [77] , and Scifres et al. [ 1581 did analyze the effect of end reflectors in some detail. They showed that the presence of the reflectors does not necessarily decrease the threshold gain. The phase of the end reflection coefficient plays a major role, and it could even increase the threshold gain. This seems reasonable because the wave reflected at the ends has to add in the right way with the wave reflected by the grating.
Wang et al. [73] -[ 751, [ 771 used a different approach based on a truncated Floquet solution. They derived the oscillation condition for a variety of DFB configurations and DBR configurations. The DBR consists in having the periodic structure separated from the active medium, and positioned at the two ends, Le., replace the mirrors in a conventional laser by gratings. They derived general formulas of which the different configurations are special cases.
The DFB and DBR cavities are especially useful in the field of thin-film and integrated optics. In those structures, it is extremely hard to build in end mirrors. It is far easier to construct a grating. n e s e type of cavities have also potential for extremely high-frequency laser (i.e., X-ray region) where no mirrors are available, or for high-power lasers where mirror burning is a serious problem.
Most of the work in the field of active periodic structures was directed toward DFB and DBR oscillators. However. a few other applications were also considered. Yariv and Armstrong analyzed the use of periodic structures as traveling wave optical amplifiers and oscillators [ 1691. A number of authors analyzed the possibility of developing a solid-state traveling wave amplifier that would be similar to the vacuum TWT and would operate in the optical and submillimeter region. Although the idea sounds simple, there are problems of lowvelocity saturation of carriers.
Solymar and Ash [ 1701, Sumi [ 17 1 1, and Mayer and Van Duzer [ 1721 considered the scheme where a current conducting semiconductor is placed in close proximity to an external slow-wave structure. Gover and Yariv [ 1071 considered the case of a periodically corrugated interface in a monolithic way, which may be accomplished by diffusion, ion implantation, epitaxial growth, or carrier injection. This structure would allow tighter coupling between the carrier current and the slow electromagnetic wave. Experimental evidence for interaction between drifting carriers in n-type InSb and slow electromagnetic waves supported by meander-type and helix-type circuits at 77 K was reported by Sumi and Suzuki [ 1731. Superlattices (Section IX) were also suggested by Gover and Yariv [ 1741 as structures which could be used to accomplish intraband radiative transition, and develop IR amplifiers and modulators.
Another field considered is the use of active corrugated structures, in which each slot region is connected to a microwave solid-state amplifier, as a reflecting antenna or a surface wave amplifier. Panicoli et al. [ 1751 suggested a revolutionary spherical reflector antenna formed by a corrugated surface. By properly adjusting the depth of the corrugation on the reflector, and hence the phase of the reflection coefficient, it is possible to eliminate the coma aberration and to broaden its frequency bandwidth.
Lee and Fong [ 1761 suggested and analyzed an improvement to it by adding microwave solidstate reflection amplifiers, such as Gunn diodes or IMPATT diodes, in the slots. This would allow the control of both the amplitude and phase of the reflectivity. These degrees of freedom can be used to advantage in amplifying the incident wave, shaping the beam, correcting the aberrations and broadening the bandwidth. Lee and Fong also analyzed the use of the same structure as a surface wave amplifier. The wave is amplified as it propagates along the structure and interacts with the discrete active diodes. The main advantage of such an amplifier lies in the fact that, unlike the conventional amplifier operating in waveguides, the corrugated structure does not support higher order modes and, therefore, should minimize some stability problems for diode operations.
VIII. PASSIVE PERIODIC STRUCTUW
Periodic structures also have considerable applications as passive structures. In the field of integrated optics and thin- . These structures are also commonly encountered in nature. Cholesteric liquid crystals (CLC) have a natural helical structure with a typical period of 1 pm. Biological filters are encountered in insects compound eyes. Natural and synthetic crystals are very common, and their interaction with electrons and waves has been studied intensively for many years. Other areas of investigation also include the flexural motion in periodic beams, periodically stiffened structures used in aeronautical and naval frame works, the propagation of acoustic waves in ducts with sinusoidally perturbed walls, and their scattering by thin plates. Some of these structures are sketched in Fig. 23 .
A. Filters
The filtering property of periodic structures is basically a result of the presence of stopbands where the longitudinal wave vector becomes complex leading to exponential attenuation of the incident wave. The energy is reflected backwards over a finite frequency band. The efficiency of the filter is characterized by its relative bandwidth Aulw and coupling coefficient x. The transfer function of this filter is given by (54) and shown in Fig. 15. Recently Flanders et al. [-1771 have reported the development of a thin-film guided wave fiiter using surface comgations. They achieved a reflectivity of 75 percent and a bandwidth of less than 2 A at 3 dB. Multilayered optical filters have been known for many years [ 15 I, [161. Acoustooptical interactions were also considered for optical filtering [ 1781. Of special interest is the tunable acoustooptic fiiter (TAOF), developed by Harris [ 2161, [ 21 71 , where a polarized optical wave parametrically interacts with a volume acoustic wave in an anisotropic crystal such as quartz or CaMo04, leading to selective 90' polarization shift for the optical waves which satisfy the Bragg frequency. An adequately positioned output polarizer would only transmit the rotated band of the input spectrum. This system is under periodic perturbation is controlled electrically; (e) input coupler; (e) second harmonic generator; @) nonlinear frequency (k) a scheme proposed for pulse compressor using a grating; (I) twdimensiional mechanical structure consisting of coupled plates; (m) multilayered cornea of the horsefly eye; (n) rhabdom of the eye of the Buckeye butterfly, consisting of periodic disks in a guide; ( 0 ) section of the rhabdom of a skipper eye, consisting of a circular guide with cormgated surface.
consideration for a variety of applications including spacecraftborn spectrometers.
Most of the other applications are based on the fact that a periodic structure supports an infinite number of space harmonics with different longitudinal wave vectors.
B. Mode Converters
A transversally bounded structure supports a large number of guided modes of different longitudinal wave vectors Pi.
Thus they are not crosscoupled. If the structure is periodic with a periodicity A = 2n/K such that Pp -K =-Pq then the pth mode is coupled, through one of its space harmonics, to the oppositely propagating 4th mode leading to energy transfer from the pth to the 4th mode, i.e., mode conversion. The ~a m r : effect could also occur between two codirectional modes if 
C. Couplers
The same principle is used in grating couplers. A plane wave incident on the surface of a thin-film grating excites an infinite number of space harmonics of wave vectors: B n = k s i n 8 + n K (80) where 8 
D. Parametric Interactions
Periodic structures were also suggested for parametric interaction and second-harmonic generation. Practically all nonlinear media have a frequency dependent index of refraction. This implies that colinear parametric interactions are not efficient because of phase mismatching, i.e., P(w1) f P ( 0 2 ) f Nul f w2).
(81)
Thus parametric interactions usually require an anisotropic material or a bounded structure which supports many modes of different wave vectors [ filled waveguide using a periodic electrode, with period A = 13.6 pm, to modulate the nonlinear susceptibility.
E. Deflectors and Moduhtors
Periodic structures have also been developed and used for beam deflection and modulation. One could achieve periodic changes in the refractive index by the electrooptical effect using a modulation voltage applied to a periodic electrode pattern or by the acoustooptical effect using acoustic waves at appropriate frequencies. Since the changes of refractive index can now be controlled by either the applied voltage or the amplitude of the acoustic waves, this type of deflector or mode converter can also serve as a modulator or switch. Gia
Russo and Harris 11841 and Polky and Harris 11871 demonstrated the electrooptical Bragg modulation at X = 0.63 pm in nitrobenzine waveguides. They were able to achieve up to 50-percent modulation. Switching and modulation of light using magnetooptical effects in garnet waveguide were accomplished by Tien et al. [ 1881. The magnetooptic effect was also used by Tsang et al. [ 
F. Two-Dimensional Structures
Another type of periodic structure that has been studied recently is the two-dimensional periodic metal mesh. U-lrich and Take [ 2181 guided 337-pm waves in the form of TM surface waves along thin copper sheets perforated in a regular pattern. Wave propagation in two-dimensional surface periodic structures were also studied by Lee and Jones [ 2 191.
G. Surface Acoustic Waves
Periodic structures are also widely used in microwave acoustics as transducers, couplers, and filters. Interdigital 
H. Ultrasonic Light Diffraction
The diffraction of visible light by ultrasonic compression waves propagating in a liquid was predicted by BriUouin in 1921 and observed a decade later by Debye and Sears, and Lucas and Biquard. Since then, many investigators have studied t h i s phenomenon under a variety of experimental conditidns obtained by varying one or more of the following quantities: incidence angle, wavelengths of the ultrasonic and light waves, amplitude of the ultrasonic wave; and width of the ultrasonic beam. An excellent review of the experimental and theoretical work in this area is given in the book Principles of Optics, by Born and Wolf [ 151, and in a paper by Klein and Cook [214] .
I. Ocean Waves
Work was also reported on the propagation of ocean waves in periodic structures and their interaction with periodic boundaries. Rhines [ 2201 studied the propagation of internal gravity waves in a periodic sheer flow, and the interaction of long gravity waves and Rossby waves with a corrugated bottom (i.e., boundary) a d he discussed the stopband, passband effect on ocean waves.
J. Puke Compression
In his book on the theory of sound, Lord Rayleigh [211] wrote: "At Tarling there is a flight of about 20 steps which returns an echo of a clap of the hands as a note resembling the chirp of a sparrow." This effect was simply explained by considering the backscattering of a noise signal (Le., signal with a wide band) from an off-axis grating [ Fig. 23(k) ]. The portion of the signal with a larger value of X will be back-scattered by the grating cycles further away from the axis; thus they will take a longer time to reach back the receiver and the pulse is dispersed. Inversely, a chirped pulse is compressed. This scheme was suggested by Kock [ 2 121 to compress acoustic chirp pulses.
K. Thermal Diffusion Measurement and Temperature Waves
Eichlen et al.
[ 2131 considered the use of thermal phase grating to measure thermal diffusion and to excite and detect temperature waves (second sound) in solids. Two light waves with different directions of propagation were derived from a pulsed neodymium YAG laser and then superimposed in an absorbing sample to generate an interference field. Due to absorption, a spatially periodic temperature distribution occurs, producing a spatial modulation of the index of refraction which then can be considered as a thermal phase grating.
The light of an argon laser simultaneously incident on the sample is diffracted by the thermal grating. When the excitation is eliminated, the decay time of the diffracted light is measured. From this decay time the thermal diffusivity of the sample is determined.
L. Insect Compound Eyes
Periodic structures do also appear in nature. Optical filters are present in the insect compound eyes. These eyes contain components that function as interference filters, diffraction gratings, multimode waveguides, and waveguide variable attenuators. The insect compound eye [ 2211- [226] is a closepacked collection of thousands of little eyes called ommatidia located at the surface of the insect's head. Each ommatidium possesses a set of optical components. The light is first incident on a lens (the cornea) of a 2 5~ diameter. It is then focused on the entrance of a transparent cylinder (crystalline tract) a few microns in diameter and hundreds of microns long. This tract has a refractive index greater than the index of its surrounding medium, thus it acts as a multimode waveguide. At -the end of the guide is the rhabdom which plays the role of a photodetector. Other species, such as most butterflies, have a reflecting fiiter (the tapetum) which is at the bottom of each rhabdom. The butterfly tapetum is a periodic set of cytoplasmic plates that alternate with air space [ Fig. 23(n) ] . This is identical to a guide periodically loaded by dielectric discs. For white light propagating down the rhabdom waveguide onto the filters there is a large reflection for wavelengths within the filter rejection band. The reflected wave propagates up the rhabdom and out of the eye, where it can be observed as colored eyeshine. Light of other wavelengths simply propagates through the fiiter and is absorbed in the basal pigment. A typical value for the cytoplasmic plates period is about 0.25 pm in the Buckeye butterfly eye. However, neighboring rhabdoms could have entirely different reflection properties.
A'third type of optical filter which is commonly found in the skipper's eyes consists of rings around the rhabdom waveguide [ Fig. 23(0)1 with axial periodicity of about 0.18 pm. This is identical to an optical fiber with a periodically c o mgated surface.
The corneal layers, the butterfly tapetum, and the skipper rhabdom all change the spectral response of the photodetector. Their purpose seems to enhance the contrast of colored objects in a background of dissimilar color.
M. Cholesteric Liquid Crystals
Hundreds of papers and textbooks have been written about waves and particles in periodic, almost periodic, and disturbed crystals. So we will not review this field except briefly in the next section. However, here we will briefly review the work on cholesteric liquid crystal because of their unique properties.
Cholesteric liquid crystals (?LC) can be represented by a structure consisting of molecules arranged in thin anisotropic layers with the successive layers rotated through a small angle, leading to a spiral configuration [ Fig. l(q) demonstrated the same property. He studied the propagation of bending, longitudinal, and torsional waves. Mead [ 2421 included the effects of damping in the wave propagation theory for periodic beams, and later [ 2431 discussed the nature of the propagating waves and their possible interaction with acoustic waves. He specifically considered the case of a beam on regularly spaced rigid supports and transversely elastic supports. He also considered the coupling between converted pressure fields, such as those associated with farfield jet noise or turbulent boundary layer pressure fluctuations, and the periodically supported beam. Of special interest was the case where pressure field velocity is equal to the phase velocity of one of the eigenwaves on the beam leading to strong coupling. This coupling condition, which is well known in physics and electrical engineering, is called the "coincidence" excitation condition by mechanical and structural engineers. He demonstrated that at relatively low convection velocity, the pressure field could simultaneously excite two positive and one negative group velocity waves of different frequencies, and he explained a scheme where a low-speed convected flow can excite, indirectly, a wave in the beam having sonic wave velocity, which could then radiate acoustic waves. This work has then been followed [ 2441 by a study of the harmonic and random responses of periodic beams on elastic supports and subjected to convected loading. The objective of his work was to analyse the damaging effect of vibration which could exist in the use of aerospace structures stiffened at regular intervals by identical stringers and excited by an intense noise field, or in the use of large reinforced plates in heat exchanges systems of nuclear power stations. Sen Gupta [ 1181 also showed how natural frequencies of finite beam-type periodic structures can be found from the wave propagation characteristics.
The theoretical analysis of the vibration of beam-type structures was based on the difference equations approach which is adaptable to the discrete nature of these structures [ 1 171 . The approach basically consists in determining the transfer matrix of a unit element which is then repeated to simulate the whole system. This is similar to the approach used to study the transmission properties of optical multilayer filters [ 151. The resulting general properties are similar to the properties of the other periodic structures reviewed in this paper.
IX. WAVES AND PARTICLES IN CRYSTALS
Many phenomena concerned with waves and particles in crystals follow a very similar theoretical pattern as we discussed before for the case of electromagnetic waves in periodic media. As a matter of fact, most of the impetus in the study of periodic structure in the first half of this century was in the fields of Bragg scattering in crystallography and energy bands in solid-state physics. Slater [245] wrote a review paper on the work in the field of interaction of waves in crystals as of 1958. The reader interested in that aspect of the field of waves in periodic structures is referred to that review paper or to a wide range of text books 12461. In this section we w i l l only review the most recent and unique work on some types of crystals which seem to be very promising for new future applications and theoretical development. We will briefly discuss the work on superlattices, zeolite crystals, and disordered systems.
A. Superlattices
A new type of periodic structures which have been recently developed and are attracting considerable attention are the superlattices. They consist of accurately deposited thin layers (from 10 A up to few hundred Angstroms) of two different semiconductors of matching lattice constants.
When these man-made electron potential square wells are built up into stacks of 10 to 100 periods, they essentially constitute an infinite configuration (because of the finite mean free path of the carriers) known as a superlattice. These structures open the possibility of creating quantum states with predetermined energy levels and bandwidths. The superlattices built to date consist of GaAs layers which form the "well," and GaAlAs layers which form the "barrier" of the square well. These two semiconductors are extremely closely matched in lattice constant. These structures are built by a molecular beam epitaxy technique. Their properties have been recently explored by a number of scientists. Esaki and Chang [247] studied their current transport properties which show nonlinear characteristics and exhibit an oscillatory behavior beyond a certain threshold voltage. Tsu e t al. [ 2481 measured the photocurrent in a superlattice and observed peaks of photon energies which correspond to transitions between quantum states in 'the valence and conduction bands. As a function of the applied voltage, the photo current exhibits pronounced negative differential conductance when the potential energy difference between two adjacent wells of the superlattice exceeds the bandwidth of the quantum states. Van der Ziel et 02. [249] reported laser oscillation from optically pumped multilayer heterostructures of the above type. Dingle et al. I2501 demonstrated the evolution of resonantly split discrete well state into the lowest band of a one-dimensional superlattice. They monitored the evolution of GaAs absorption spectrum as the number of coupled wells has increased from one to ten or more. Structures with ten or more coupled wells appear to approximate the niperlattice regime, whereas structures with fewer. wells are well described in terms of interacting single wells. They interpreted their experimental data with an exact solution of the Schroedinger equation for transmission through multiple rectangular potential barriers.
It should also be mentioned that recently Cover and Yariv [ 1741 discussed the possibility of using semiconductor superlattices for intraband radiative transitions and for the development of infrared amplifier and modulators.
B. Zeolites
Another type of crystals which have unique properties and which attracted some interest recently are the zeolite crystals [2511, [252] . They are naturally occurring or synthetic aluminosilicate porous structures, commonly termed molecular sieves, with one-, two-, or three-dimensional channels having minimum pore diameters of 3 to 12 A. These channels are formed by the juncture of large sodalite cage units that are arranged in a periodicity analogous to that of simple atomic and molecular crystals. This leads to a periodic change in the diameter of the channels with periodicities from a few angstroms to few tens of angstroms. These structures have been recently proposed as potential DFB cavities for X-ray lasers [891.
C. Disordered Crystals
Recently a number of papers appeared in the solid-state physics field which extend the field of periodic structure to the study of multiperiodic structures, almost periodic structures, and disordered structures. Sah and Srivastava [ 121 considered a generalized diatomic lattice whose unit cell con-sisted of any combination of A atoms and B atoms. This was a generalization of the work by Kerner [ 2531 who considered an array of purity atoms with impuxity atoms periodically interspaced. Most of the work in the study of binary alloys was directed toward the analysis of the Saxon-Hutner theorem and its converse. The theorem basically states that a level (i.e., frequency) which is forbidden (i.e., in a stopband) in the infiite one-dimensional lattice formed of pure typed potentials and in that formed of pure t y p e 4 potentials, is also forbidden in any arbitrary substitutional alloy .of A and B. Fig. 24 . A substrate surface is coated with a radiation-sensitive polymer film and exposed to radiation of spatially periodic intensity with the desired period. Following exposure, a development step removes either the exposed or unexposed polymer, thereby leaving the periodic pattern in relief on the substrate surface. The substrate itself can then be patterned either by etching a relief structure in it, by chemically doping the patterned areas, or by depositing a material into the grooves of the polymer relief pattern. A number of simple variations and additions can be made to the above process.
The formation of the pattern in the polymer film is usually accomplished by photolithography, electron lithography or X-ray lithography. In photolithography a photo-resist which responds to visible or ultraviolet light is used. The periodic pattern may be formed by a holographic technique where two laser beams (from the same source) are interfered together to form interference fringes. This technique of producing gratings was first proposed by Rudolph and Schmohl [2601 and it provides accurate, precise, and low-distortion gratings. Recently Shank and Schmidt [ 1681 have reported gratings with periodicity as f i e as 11 08 A. Another technique is the use of a pattern which can be imaged onto the coated substrate (projection printing) usually with some demagnification, or it can be used in contact with the surface (shadow printing). These techniques can be used to generate gratings of a periodicity of few microns. For finer gratings, the diffraction effects lead to distortions. This is eliminated by the use of X-ray lithography where shorter wavelength radiation is used (10 A).
Recently, gratings of 0 . 3 6~ period produced by holographic 
XI. FUTURE ADVANCES AND PROBLEMS
The study of waves in periodic structures has been active since the end of the last century, and it was applied to an amazing variety of fields, as we discussed in this paper. It seems that every few years a new advance in a field of science refuels the interest in the study of periodic structures, the most recent being the fields of integrated optics, DFB lasers, and superlattices.
In this section, we speculate about the areas where we think the interest in theoretical analysis and experimental development will be highest in the immediate future. Some areas are already under investigation. Some that have not yet been investigated seem to be promising. We would like to emphasize that some of the following discussions are purely speculation, and the reader should consider them as such.
The field of DFB lasers have been active for the last few years and is expected to be so in the near future. There is need to undertake a Floquet analysis of active periodic structures especially as related to DFB lasers with surface periodicity, because deep groove gratings can be achieved with presentday technology. Similarly, the effects of leaky wave radiation on DFB lasers have not been analyzed. An extensive analysis of active periodic guides similar to what was done for periodic antennas might be rewarding. Of potential interest is the phase-matched coupling between a guided wave and a leaky wave parallel to the surface. As we mentioned in Section 111 and sketched in Fig. 13 , near that phasematching point there are two real solutions. One corre-
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sponding to the guided wave, the other to the leaky wave which, in that narrow region, is completely "bound" as a result of the coupling. The question is whether or not these two waves can be used as a distributed feedback pair leading to DFB laser oscillation at some of the Wood or Raleigh frequencies.
Another area of interest is the potential use of crystal structures as DFB cavities for X-ray lasers. This scheme has been suggested, but theoretical and experimental work is still needed to evaluate its use.
The DFB concept has been suggested for the development of surface acoustic wave and magnetic wave oscillators. The same idea might also be applicable in other fields-for instance, the use of the active corrugated antenna analyzed by Lee and Fong [ 1761 as a DFB oscillator in the microwave region. The structure basically consists of a corrugated metallic structure with amplifying diodes in the grooves.
The DFB concept might be used in self-sustaining lasers. It is well known that in conventional high-power lasers, the stationary wave in the active medium leads to modulation of the gain and probably the index of the medium. The question is, could this modulation itself play the role of a grating which would lead to distributed feedback of the light that generates it? In other terms, could the light wave generate its own feedback? This idea opens wide the whole area of the study of nonlinear DFB lasers and nonlinear coupling.
Most of the work in the field of periodic structures was directed toward multidimensional structures with one periodicity. Some work has been done in solid-state physics in the analysis of double or multiperiodic potentials which resulted in a number of controversies. This field seems to be of some interest both for theoretical and experimental investigations. A multiperiodic grating can be used for multifrequency DFB lasers or filters. Some basic questions are still not well understood concerning the stopbands of these structures, especially the ones resulting from multiple scattering. That is, for a medium where a wave can be scattered successively by more than one of the above periodicities. This effect is intensively used in radar oceanography (over the horizon radar) in the remote study of ocean wave spectra. A number of interesting cases may be envisioned; for instance, the case of almost periodic functions.
The field of superlattices is another exciting one. The fact that it allows the development of lattices with specified band gaps is very interesting. This and other areas mentioned above opens a new and challenging field for the theoreticians. Could we determine a uni-or multiperiodic structure which would give a specified set of stopbands and passbands? Evidently, as most inverse problems, the solution, if any, is not simple. This field would have a wide range of applications in superlattices, integrated optics, integrated acoustics, and structural engineering.
Another area of interest is the analysis of transients and beams in periodic structures. Very little work has been undertaken in this field; a variety of problems in antenna theory, integrated optics, and integrated acoustics can be envisioned. We would like to mention the extension of the work in periodic structures to cylindrical and spherical geometries.
Even though this field seems of academic interest for the time being, unexpected applications might spring up in the future.
One which comes to the mind of the author is a recent paper by Schloessin [ 2651 who suggested that the spherical boundary between the Earth's mantle and core is periodically perturbed by convection cells. This, if true, might have implications on the propagation of seismic waves in the Earth's body.
A possible application in planetary science is the fact that periodic plasmas have a passband at frequencies below th.e plasma frequency. It is well known that the Earth's ionosphere acts as a stop screen for all electromagnetic radiation of frequency below about 10 MHz coming in from outside our planet. However, presently available high-power radars [ 2661 could perturb the ionosphere in a periodic fashion. Thus it might be possible to punch a "hole" in the ionosphere allowing the passage of some radiation for radio-astronomical studies.
XZI. CONCLUSION
The field of waves in periodic structures has been active since the late part of the last century. In this review paper we covered the theoretical techniques which are used in studying the wave propagation and source radiation properties in unbounded and bounded periodic media. These techniques can be applied to all types of waves; electromagnetic, acoustic, magnetic, electron, ocean, internal, temperature, flexural, and mechanical waves. The passband, stopband, and space harmonic properties are comm.on to all of them. The variety of applications reviewed in this paper do show the commonality between these fields. This common approach allows the transfer of concepts developed in one field to another, and may result in fruitful new advances.
As speculated in Section XI, the field of waves in periodic structures will be very active in the near future. New technological developments will continue a strong interest in this field, as has happened often times in the past.
APPENDIX A WAVE EQUATIONS IN A PERIODIC MEDIUM

Electromagnetic Waves
tivity is a function of the axial coordinates are [ 35 I
The source free wave equations in a medium whose permit- where kg = p,-,eoow:, EO an$ p,-, are the free-space permittivity and permeability, E and H are the electric and magnetic field vectors and E(Z) is the permittivity of the inhomogeneous medium. It can be shown that all field components in this medium can be obtained from the scalar quantities 9 1 and a~ as follows 
Acoustic Waves
The onedimensional equations which govern the acoustic wave propagation in a medium are where p is the mass density, u is the lattice velocity, s is the strain, T is the stress, and C is the elastic constant. The wave equation is simply (A-2 0)
If p orland C are periodically modulated, then the above equation will have the same form as (1) . Similar wave equations can be derived for magnetic waves [ 1041.
Electron Waves
The 
